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SECOND RICCI FLOW ON NONCOMPACT HERMITIAN
MANIFOLDS
MAN-CHUN LEE
Abstract. In this work, we first establish short time existence and Shi’s
type estimate of second Ricci flow on complete noncompact Hermitian man-
ifolds. As an application, we use the second Ricci flow to discuss the exis-
tence of Ka¨hler-Einstein metric on complete noncompact Hermitian mani-
folds.
1. introduction
Let (M, g, J) be a complete complex manifold and g is a Hermitian met-
ric. g is Hermitian if g is a Riemannian metric and also satisfies g(X, Y ) =
g(JX, JY ) for all X, Y ∈ TM . When M is compact Ka¨hler or complete non-
compact Ka¨hler with suitable curvature, it was shown that the Hamilton Ricci
flow will preserve the Ka¨hler condition [4, 25, 10]. The Ka¨hler-Ricci flow was
then found to be very powerful in the study of geometrical classification in
Ka¨hler geometry. However, when g is non-Ka¨hler, generally the Ricci flow will
no longer preserve the Hermitian condition. Inspired by this, one may ask
if there is any alternative parabolic flow which also preserves the Hermitian
structure. In [8], Gill introduced a Hermitian flow called the Chern-Ricci flow
which aims to study the existence of Hermitian metric with flat Chern-Ricci
curvature.
In this work, we are interested in special case of Hermitian flow on complete
noncompact Hermitian manifolds which was first introduced by Streets and
Tian [26]:
∂
∂t
g = −Sg, g(0) = g0
where Sg is the second Ricci curvature with respect to the Chern connection of
g. This flow was also appeared in [18] which aim to study Hermitian Einstein
metric on complex manifolds. In this article, we will call it the Hermitian
Ricci flow. In fact, in [26], a more general Hermitian flow was introduced in
which the direction of the deformation may involve torsion terms Q(T ). The
Hermitian curvature flow was also found to be useful in the study of Hermitian
geometry. In [27], they initiated a program of studying a particular choice of
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Q in which the flow preserves the pluriclosed condition. More recently Usti-
novskiy [30] also showed that for a different choice of Q the flow will preserve
the nonnegativity of bisectional curvature which leads to an extensions of the
classical Frankel conjecture to quasi-positive case. Motivated by the work in
[17, 3], the author study the first Ricci curvature along the flows with Q = 0
and use it to show that compact Hermitian manifolds with quasi-negative bi-
sectional curvature have ample canonical line bundle. By the celebrated work
of Yau and Aubin, [1, 35], it is equivalent to say that there is a Ka¨hler-Einstein
metric with negative scalar curvature.
In this article, we wish to study the existence of Ka¨hler-Einstein metric
on complete noncompact Hermitian manifolds. To extend the work in [14],
we first develop some foundational results on the short-time existence of the
Hermitian flow under some reasonable assumption. In particular, we have the
following short-time existence result.
Theorem 1.1. Suppose (M, g0) is a complete noncompact Hermitian manifold
with
sup
M
|Rm|+ |T |2 + |∇T | < +∞,
then there is a short-time solution g(t) on M × [0, τ ] to
∂tgij¯ = −Sij¯ , g(0) = g0.
Moreover, the solution g(t) has bounded Chern curvature and torsion on [0, τ ].
Remark 1.1. For general Q, the corresponding Hermitian curvature will also
admit short-time solution under the assumption made above which is a non-
compact version of Streets-Tian’s work [26]. In fact under boundedness of
Chern curvature and Torsion, the boundedness on ∇T is equivalent to bound-
edness of Riemannian curvature RmL. When Q = 0, this can be replaced by
existence of good exhaustion function on M . We refer readers to Theorem 6.1
for detailed statement.
Next, we wish to apply the flow to study existence of Ka¨hler-Einstein metric
on negatively curved Hermitian manifolds.In this work, we are interested in
the case when a complete noncompact Hermitian manifold has quasi-negative
curvature. Using the existence of the Hermitian Ricci flow together with Shi-
type estimates, we extend the result in [14] to complete noncompact case. Our
main result is the following.
Theorem 1.2. Let (M, g0) be a complete noncompact Hermitian manifold with
bounded Riemannian curvature, Chern curvature and torsion. Suppose g0 has
non-positive Chern bisectional curvature and quasi-negative first Ricci curva-
ture, then M supports a Ka¨hler metric which maybe incomplete. Furthermore,
if the first Ricci curvature is uniformly negative outside a compact set, then M
supports a complete Ka¨hler-Einstein metric gKE = −Ric(gKE) with bounded
curvature.
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It is unclear to the author whether M supports a complete Ka¨hler metric
in the quasi-negative case. When M is noncompact, the existence of complete
Ka¨hler-Einstein metric was studied by various authors, see for example [6,
31] based on assumptions on the Ricci curvature and [32, 12] based on the
negativity of holomorphic sectional curvature. Theorem 1.2 is different from
the previous results since the Ka¨hlerity is a priori unknown.
The paper is organized as follows: In section 2, we recall some preliminary
definitions and formula about the Chern connection. In section 3, we will
derive evolution equations for the Hermitian Ricci flow. In section 4, we will
derive some a-priori estimates for the Hermitian Ricci flow. In section 5, 6,
we will prove the general short-time existence to Hermitian manifolds with
bounded Riemannian curvature, Chern curvature and torsion. In section 7, 8,
we will give a proof of Theorem 1.2.
Acknowledgement: The author would also like to thank the referee for useful
comments.
2. Chern connection
In this section, we collect some useful formulas for the Chern connection.
Those materials can be found in [23]. Let (M, g) be a Hermitian manifold. The
Chern connection of g is defined as follows: In local holomorphic coordinates
zi, for a vector field Xi∂i, where ∂i :=
∂
∂zi
, ∂i¯ =
∂
∂z¯i
,
∇iXk = ∂iXk + ΓkijXj; ∇i¯Xk = ∂i¯Xk.
For a (1, 0) form a = aidz
i,
∇iaj = ∂iaj − Γkijak; ∇i¯aj = ∂i¯aj.
Here ∇i := ∇∂i , etc. Γ are the coefficients of ∇, with
Γkij = g
kl¯∂igjl¯.
Noted that Chern connection is a connection such that ∇g = ∇J = 0 and the
torsion has no (1, 1) component. The torsion of g is defined to be
T kij = Γ
k
ij − Γkji.
We remark that g is Ka¨hler if and only if T = 0. Define the Chern curvature
tensor of g to be
Rij¯k
l = −∂j¯Γlik.
We raise and lower indices by using metric g. Direct computations show:
Rij¯kl¯ = Rji¯lk¯.
In this note, we will use Rm to denote curvature tensor with respect to the
Chern-connection while RmL will denote the Riemannian curvature tensor.
The Chern-Ricci curvature is defined by
Rij¯ = g
kl¯Rij¯kl¯ = −∂i∂j¯ log detg.
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Note that if g is not Ka¨hler, then Ri¯ may not equal to g
kl¯Rkl¯ij¯ = Sij¯ . In
some content, Ric is sometimes called first Ricci curvature while S is called
the second Ricci.
Lemma 2.1. The commutation formulas for the Chern curvature are given
by
[∇i,∇j¯ ]X l = Rij¯k lXk, [∇i,∇j¯ ]ak = −Rij¯k lal;
[∇i,∇j¯]X l¯ = −Rij¯ l¯ k¯X k¯, [∇i,∇j¯]ak¯ = Rij¯ l¯ k¯al¯.
When g is not Ka¨hler, the Bianchi identities maybe fail. The failure can be
measured by the torsion tensor.
Lemma 2.2. In a holomorphic local coordinates, let Tijk¯ = gpk¯T
p
ij, we have
Rij¯kl¯ − Rkj¯il¯ = −∇j¯Tikl¯,
Rij¯kl¯ − Ril¯kj¯ = −∇iTj¯l¯k,
Rij¯kl¯ − Rkl¯ij¯ = −∇j¯Tikl¯ −∇kTj¯ l¯i = −∇iTj¯l¯k −∇l¯Tikj¯,
∇pRij¯kl¯ −∇iRpj¯kl¯ = −T rpiRrj¯kl¯,
∇q¯Rij¯kl¯ −∇j¯Riq¯kl¯ = −T s¯q¯j¯Ris¯kl¯.
It can be checked easily that forX, Y ∈ T 1,0M , R(X, X¯, Y, Y¯ ) is real-valued.
We consider the following curvature condition.
Definition 2.1. We say that (M, g) has holomorphic bisectional curvature
bounded above by a function κ(x) if for any x ∈M , X, Y ∈ T 1,0x M ,
R(X, X¯, Y, Y¯ ) ≤ κB(X, X¯, Y, Y¯ )
where Bij¯kl¯ = gij¯gkl¯ + gil¯gkj¯.
Here we should remark that our notation of bisectional curvature is slightly
different from that in [16].
Definition 2.2. We say that (M, g) has Chern-Ricci curvature bounded above
by a function κ(x) if for any p ∈M , X ∈ T 1,0p M ,
Ric(X, X¯) ≤ κ(p)g(X, X¯).
If κ is non-positive and negative at some point z ∈M , then we say that g has
quasi-negative Chern-Ricci curvature.
In this note, all the curvature tensor Rm will be referring to the curvature
tensor with respect to Chern connection.
3. Evolution equations for the Hermitian Ricci flow
In this section, we will discuss a special type of Hermitian Ricci flow intro-
duced by [26] with Q ≡ 0:
(3.1)
{
∂
∂t
gi¯ = −Sij¯ ;
g(0) = g0.
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Here Sij¯ = g
kl¯Rkl¯ij¯ is the second Ricci curvature with respect to the Chern
connection while the Chern-Ricci curvature (or first Ricci curvature) is defined
by Rij¯ = g
kl¯Rij¯kl¯. It coincides with the Chern-Ricci curvature if the metric is
Ka¨hler. However they are different in general.
To begin with, we would like to point out that the Hermitian Ricci flow is
indeed a parabolic system which is in a similar form as the Ricci DeTurck flow
which was shown explicitly by Shi in [24, Lemma 2.1].
Lemma 3.1. In local coordinate, we have
∂
∂t
gij¯ =
1
2
gkl¯
(
∇˜k∇˜l¯ + ∇˜l¯∇˜k
)
gij¯ − gkl¯gpq¯(∇˜kgiq¯)(∇˜l¯gpj¯)
− 1
2
(
gkl¯gpj¯R˜kl¯i
p + gkl¯giq¯R˜kl¯
q¯
j¯
)
.
(3.2)
Here ∇˜ and R˜ denotes the Chern connection and the Chern curvature of g0
respectively.
Proof.
−Sij¯ = −gkl¯Rkl¯ij¯
= gkl¯gpj¯(∂l¯Γ
p
ki − ∂l¯Γ˜pki)− gkl¯gpj¯R˜kl¯i p
= gkl¯gpj¯∇˜l¯
(
gpq¯∇˜kgiq¯
)
− gkl¯gpj¯R˜kl¯i p
= gkl¯∇˜l¯∇˜kgij¯ − gkl¯gpq¯(∇˜kgiq¯)(∇˜l¯gpj¯)− gkl¯gpj¯R˜kl¯i p
=
1
2
gkl¯
(
∇˜k∇˜l¯ + ∇˜l¯∇˜k
)
gij¯ − gkl¯gpq¯(∇˜kgiq¯)(∇˜l¯gpj¯)
− 1
2
(
gkl¯gpj¯R˜kl¯i
p + gkl¯giq¯R˜kl¯
q¯
j¯
)
.
(3.3)

Lemma 3.2. Suppose g(t) is a solution to the Hermitian Ricci flow, then we
have (
∂
∂t
−∆
)
trgg0 = −(g0)pq¯gkl¯gij¯ΨpkiΨq¯l¯j¯ + gkl¯gij¯Rˆkl¯ij¯(3.4)
where Ψ = Γg0 − Γg denotes the difference between the Chern connection of h
and that of g while Rˆ is the Chern curvature of g0.
Proof. Differentiate it with respect to t, we have
∂
∂t
(gij¯(g0)ij¯) = S
ij¯(g0)ij¯ .(3.5)
On the other hand,
∆(gij¯(g0)ij¯) = hpq¯g
kl¯gij¯ΨpkiΨ
q¯
l¯j¯
− gkl¯gij¯Rˆkl¯ij¯ + Sij¯hij¯ .(3.6)
The conclusion follows immediately by adding (3.5) and (3.6) together. 
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Lemma 3.3. Suppose (M, g(t)) is a soliution to (3.1), then the tensor Ψkij =
Γ˜kij − Γkij satisfies(
∂
∂t
−∆
)
|Ψ|2 = −|∇Ψ|2 − |∇¯Ψ|2 + 2Re
[
gij¯gkl¯grs¯Ψ
s¯
j¯l¯(g
pq¯T apiRaq¯k
r + gpq¯∇pR˜iq¯k r)
]
.
Here Γ˜and R˜ denotes the Chern connection and Chern curvature with respect
to g0 and the norm is calculated using the evolving metric g(t).
Proof. First noted that
∂tΨ
k
ij = g
kl¯∇iSjl¯.
On the other hand,
∆|Ψ|2 = gpq¯∇p∇q¯(gij¯gkl¯grs¯ΨrikΨs¯j¯l¯)
= gpq¯gij¯gkl¯grs¯∇p∇q¯(ΨrikΨs¯j¯l¯)
= gpq¯gij¯gkl¯grs¯
(
∇pΨrik · ∇q¯Ψs¯j¯l¯ +∇q¯Ψrik · ∇pΨs¯j¯l¯
)
+ gpq¯gij¯gkl¯grs¯
(
∇p∇q¯Ψrik ·Ψs¯j¯ l¯ +∇p∇q¯Ψs¯j¯l¯ ·Ψrik
)
= |∇Ψ|2 + |∇¯Ψ|2 + gpq¯gij¯gkl¯grs¯
(
∇p∇q¯Ψrik ·Ψs¯j¯l¯ +∇p∇q¯Ψs¯j¯l¯ ·Ψrik
)
= |∇Ψ|2 + |∇¯Ψ|2 + gpq¯gij¯gkl¯grs¯Ψs¯j¯l¯∇p(Riq¯k r − R˜iq¯k r)
+ gpq¯gij¯gkl¯grs¯Ψ
r
ik∇q(Rjp¯l s − R˜jp¯l s)
+ gij¯gkl¯grs¯Ψ
r
ik
(
S s¯ q¯Ψ
q¯
j¯l¯
− S q¯ j¯Ψs¯q¯l¯ − S q¯ l¯Ψs¯j¯q¯
)
= |∇Ψ|2 + |∇¯Ψ|2 + 2Re
[
gij¯gkl¯grs¯Ψ
s¯
j¯l¯(∇iSrk − gpq¯T apiRaq¯k r − gpq¯∇pR˜iq¯k r)
]
+ gij¯gkl¯grs¯Ψ
r
ik
(
S s¯ q¯Ψ
q¯
j¯l¯
− S q¯ j¯Ψs¯q¯l¯ − S q¯ l¯Ψs¯j¯q¯
)
where we have used the fact that
gpq¯∇pRiq¯k r = ∇iSrk − gpq¯T spiRsq¯k r.
Therefore, we can conclude that(
∂
∂t
−∆
)
|Ψ|2 = −|∇Ψ|2 − |∇¯Ψ|2 + 2Re
[
gij¯gkl¯grs¯Ψ
s¯
j¯l¯(g
pq¯T apiRaq¯k
r + gpq¯∇pR˜iq¯k r)
]

Now we collect the evolution equation for the Chern curvature tensor Rij¯kl¯
which can be found in [26, Section 6].
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Lemma 3.4. Suppose g(t) is a solution to the Hermitian Ricci flow, we have
∂tRij¯kl¯ = ∆Rij¯kl¯ + g
rs¯
[
T pri∇s¯Rpj¯kl¯ + T q¯s¯j¯∇rRiq¯kl¯ + T priT q¯s¯j¯Rpq¯kl¯
+Rij¯r
pRps¯kl¯ +Rrj¯k
pRis¯pl¯ − Rrj¯pl¯Ris¯k p
]
− 1
2
[
SpiRpj¯kl¯ + S
p
kRij¯pl¯ + S
q¯
j¯
Riq¯kl¯ + S
q¯
l¯
Rij¯kq¯
]
.
(3.7)
By tracing k and l, we arrive at the evolution equation of the Chern-Ricci
curvature (or first Ricci curvature). For detailed computation, we refer to [14].
Lemma 3.5. Suppose g(t) is a solution to the Hermitian Ricci flow, we have
the following evolution equation for the Chern-Ricci curvature.
∂tRij¯ =∆Rij¯ + g
rs¯(T pri∇s¯Rpj¯ + T q¯s¯j¯∇rRiq¯ + T priT q¯s¯j¯Rpq¯)
+Rij¯k
pRp
k − 1
2
[
SpiRpj¯ + S
q¯
j¯
Riq¯
]
.
(3.8)
We also have the following evolution equations for higher order derivative
which is a sight modification of [26, Lemma 7.1-7.2].
Lemma 3.6. Suppose g(t) is a solution to the Hermitian Ricci flow, then the
Chern-curvature and the torsion of g(t) satisfy the following equations.
∂
∂t
∇kRm = ∆∇kRm+
k∑
j=0
∇jT ∗ ∇k+1−jRm+
k∑
j=0
∇jRm ∗ ∇k−jRm
+
k∑
j=0
j∑
l=0
∇lT ∗ ∇j−lT ∗ ∇k−jRm,
∂
∂t
∇kT = ∆∇kT +
k+1∑
j=0
∇jT ∗ ∇k+1−jT +
k∑
j=0
∇jT ∗ ∇k−jRm.
(3.9)
Proof. The proof is identical to that in [26, Section 7] except now Q ≡ 0 and
hence the last term in their formula vanishes. 
4. a priori estimates
In this section, we will establish some local estimates for the Hermitian
Ricci flow g(t) on compact subset. We first need some estimates on distance
function.
Lemma 4.1. Suppose (Mn, g) be a complete noncompact Hermitian manifold
with complex dimension n and BKg0 ≥ −K on Bg0(p, 2r). Let p ∈ M and
dg(x, p) be the distance from p with respect to g, then whenever dg(x, p) ∈
[ 1√
K
, r],
∂i∂j¯dg(x, p) ≤ Cn
√
Kgij¯
within the cut-locus of p.
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Proof. Consider g˜ = Kg, then |Rm(g˜)| + |T˜ |2 ≤ 1 on Bg˜(p, 2
√
Kr). We may
apply [36, Theorem 1.1], although it is stated globally, one can check easily that
the proof only requires bisectional curvature lower bound locally. Therefore,
we have on Bg˜(p,
√
Kr) \Bg˜(p, 1).
∂i∂j¯dg˜(x, p) ≤ Cn
√
Kg˜ij¯.
The result follows after we rescale it back to g. 
Proposition 4.1. There is ǫn > 0 such that the following holds. Suppose g(t)
is a solution to (3.1) on Bg0(p, r + δ)× [0, τ ] for some p ∈M , r, δ > 0. If the
Hermitian Ricci flow solution g(t) satisfies
(1 + ǫn)
−1g0 ≤ g(t) ≤ (1 + ǫn)g0(4.1)
on Bg0(p, δ + r) × [0, τ ]. Let K = supBg0 (p,2r)
∑1
i=0 |∇ig0Rm(g0)| + |∇ig0Tg0|,
then there is C(n, δ,K) > 0 such that on Bg0(p, r)× [0, τ ],
|Rm|+ |∇T |+ |∇g0g(t)| ≤ C(n, δ,K).
Proof. In what follows, we will use Ci to denote any generic constant depending
only on n, r,K. For notational convenience, we will use Rˆ, Tˆ to denote the
geometric quantities of g0.
We first show the bound on |∇g0g(t)|. By our assumption and Lemma 3.2,
the function Λ = trgg0 satisfies(
∂
∂t
−∆
)
Λ ≤ − 1
1 + ǫn
|Ψ|2 + C0.(4.2)
On the other hand, since we have
Rij¯k
l = Rˆij¯k
l + ∂j¯Ψ
l
ik;
T kij = Tˆ
k
ij +Ψ
k
ij −Ψkji.
(4.3)
Therefore, together with Lemma 3.3, the function |Ψ|2 where Ψ = Γg0−Γg(t)
satisfies (
∂
∂t
−∆
)
|Ψ|2 ≤ −|∇Ψ|2 − |∇¯Ψ|2
+ 2Re
[
gpq¯gij¯gkl¯grs¯Ψ
s¯
j¯ l¯(T
a
piRaq¯k
r +∇pRˆiq¯k r)
]
≤ −1
2
(|∇Ψ|2 + |∇¯Ψ|2)+ 8|Ψ|4 + C1
(4.4)
Let G(s) = eAs + B where A and B are some positive constants to be
specified. Let φ(s) be a cutoff function on [0,+∞) such that φ ≡ 1 on [0, r +
δ/2], vanishes outside [0, r + δ] and satisfies
|φ′|2 ≤ 100δ−2φ, φ′′ ≥ −100φδ−2.
Define Φ(x) = φ(dg0(x, p)) to be a cutoff function on M where dg0(x, p) is the
distance from the fixed point p using Hermitian metric g0. By Lemma 4.1
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and the trick of Calabi, we may assume dg0(x, p) to be smooth and satisfy√−1∂∂¯d0(x, p) ≤ C3(n,K)ωg0 when we apply maximum principle.
Consider the function F (x, t) = |Ψ|2G(Λ) on M × [0, τ ]. Then on Bg0(p, r+
δ)× [0, τ ], it satisfies(
∂
∂t
−∆
)
F = G
(
∂
∂t
−∆
)
|Ψ|2 + |Ψ|2
(
∂
∂t
−∆
)
G
− 2Re
(
Φgij¯Gj¯ · ∂i|Ψ|2
)
≤ −1
2
(|∇Ψ|2 + |∇¯Ψ|2) (eAΛ +B)
+ |Ψ|4
[
8(eAΛ +B)− A
1 + ǫn
eAΛ
]
−A|Ψ|2|∇Λ|2eAΛ + 2eAΛA|∇Λ||Ψ||∇Ψ|+ C4.
(4.5)
If we choose B = 10eAn(1+ǫn), then we can use Cauchy inequality to simplify
it as (
∂
∂t
−∆
)
F ≤ −1
4
(|∇Ψ|2 + |∇¯Ψ|2) (eAΛ +B) + C5
+
1
1 + ǫn
|Ψ|4 [90eAn(1+ǫn) −AeAn(1−ǫn)] .(4.6)
Hence, we can choose A sufficiently large such that
100eAn(1+ǫn) − AeAn(1−ǫn) < 0
provided that ǫn is small enough. With this choice of A,B and ǫn, F satisfies(
∂
∂t
−∆
)
F ≤ −c6F 2 + C7.(4.7)
Using (4.7), we can apply maximum principle on function F · Φ. If the
maximum is attained at t = 0, then the conclusion is trivially true. Suppose
it is attained at t = t0 > 0, then
0 ≤
(
∂
∂t
−∆
)
(FΦ)
≤ Φ
(
∂
∂t
−∆
)
F + F
(
∂
∂t
−∆
)
Φ− 2Re
(
gij¯FiΦj¯
)
≤ −c6F 2Φ + C8 + F
(
C8δ
−2 + C8
)
(4.8)
which implies FΦ is bounded above by C9(r
−4 + 1) at its maximum point. In
particular, on Bg0(p, r + δ/2)× [0, τ ],
|Ψ|2 ≤ C10(δ−4 + 1).
This shows the bound on |∇g0g(t)|.
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For |Rm| and |∇T |, the proof is similar but simpler. By Lemma 3.6 with
Cauchy inequality, the function G =
√|Rm|2 + |∇T |2 satisfies(
∂
∂t
−∆
)
G ≤ CnG2 + Cn(4.9)
whenever |Rm|2 + |∇T |2 6= 0.
On the other hand, since we have established the estimate on Ψ, (4.4) have
the following form now.(
∂
∂t
−∆
)
|Ψ|2 ≤ −1
2
(|∇Ψ|2 + |∇¯Ψ|2)+ C9(4.10)
on Bg0(p, r + δ/2)× [0, τ ]. Because
∇¯Ψ = Rm(g(t))−Rm(g0);
∇T = ∇(T − Tg0) + Ψ ∗ Tg0 = ∇Ψ+Ψ ∗ Tg0,
(4.11)
we can rewrite (4.4) to be(
∂
∂t
−∆
)
|Ψ|2 ≤ −c10G2 + C11.(4.12)
Then for L(n,K, δ) sufficiently large, the function H = G+ L|Ψ|2 satisfies(
∂
∂t
−∆
)
H ≤ −H2 + C12.
Therefore, we may use cutoff function trick again as (4.8) to show the bound
on Bg0(p, r)× [0, τ ]. 
Proposition 4.2. Suppose g(t) is a solution to (3.1) on Bg0(p, r + δ)× [0, τ ]
for some p ∈M , r, δ > 0. If the Hermitian Ricci flow solution g(t) satisfies
|Rm(g(t))|+ |T |2 ≤ K0(4.13)
on Bg0(p, r + δ)× [0, τ ] for some K0 > 0. Let Bm be such that
sup
Bg0 (p,r+δ)
m∑
i=0
|∇iRm(g0)|+ |∇ig0T (g0)| ≤ Bm.
Then for any m ∈ N, there is C(n,m, δ, Bm, K0) > 0 such that on Bg0(p, r+
δ
m+1
)× [0, τ ],
|∇mRm|+ |∇mT | ≤ C.(4.14)
Proof. The proof is similar to that in Proposition 4.3. We prove the assertion
by induction onm. In the proof, we will denote any generic constant depending
only on n,m, δ, Bm, K0 by Ci. Assumption implies that the conclusion is true
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for m = 0. Assume it is true for m = 0, 1, ..., k−1 for some k ∈ N. By Lemma
3.6 and the induction hypothesis, the function Hi = |∇iRm|2+ |∇iT |2 satisfies(
∂
∂t
−∆
)
Hk−1 ≤ −1
2
Hk + C1(
∂
∂t
−∆
)
Hk ≤ −1
2
Hk+1 + C1Hk + C1.
(4.15)
Define the function H = Hk(Hk−1 + A) where A is some large constant to be
specified later. Then(
∂
∂t
−∆
)
H ≤ Hk
(
∂
∂t
−∆
)
Hk−1 + (A+Hk−1)
(
∂
∂t
−∆
)
Hk
− 2Re
(
gij¯∂iHk · ∂j¯Hk−1
)
≤ −1
2
H2k + C2Hk + C2Hk
√
Hk+1Hk−1
+ (A+Hk−1)
[
−1
2
Hk+1 + C1 + C1Hk
]
(4.16)
where we have used the fact that |∇Hi| ≤
√
HiHi+1. By Cauchy inequality
again, if A is sufficiently large, then(
∂
∂t
−∆
)
H ≤ H2k
(
−1
2
+
Cn
A
)
+ C3Hk + C3
≤ −1
4
H2k + C3Hk + C3
≤ −c4H2 + C5
(4.17)
on Bg0(p, r+ δ/k)× [0, τ ]. Now the evolution equation is in the standard form.
Let dg0(x, p) and Φ = φ(dg0(x, p)) where φ is a cutoff function on [0,+∞) such
that φ ≡ 1 on [0, r+ δ
k+1
], vanishes outside [0, r+ δ
k
] and satisfies |φ′|2 ≤ C6φ and
φ′′ ≥ −C6φ. By our assumption, g(t) is uniformly equivalent to g0. Together
with Lemma 4.1, we conclude that if the function H ·Φ achieves its maximum
at (x0, t0) where t0 > 0, then(
∂
∂t
−∆
)
(HΦ) ≤ −c4H2Φ+ C6H + C6.(4.18)
By maximum principle, Hk ≤ C7 on Bg0(p, r + δk )× [0, τ ]. 
In fact, the higher order derivatives of Rm and T will be instantly bounded
after g(t) evolves.
Proposition 4.3. Suppose g(t) is a solution to (3.1) on Bg0(p, r + δ)× [0, τ ]
for some p ∈M , r, δ > 0. If the Hermitian Ricci flow solution g(t) satisfies
|Rm|+ |T |2 ≤ K0(4.19)
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on Bg0(p, r + δ) × [0, τ ] for some K0 > 0. Then for any m ∈ N, there is
C0(n,m, τ, δ,K0) > 0 such that on Bg0(p, r +
δ
m+1
)× [0, τ ],
|∇mRm|+ |∇mT | ≤ C0t−m/2.(4.20)
Proof. In what follows, we will use Ci to denote any generic constants de-
pending only on n,m, S, δ,K0. We prove the assertion by induction on m.
Assumption ensures that it is true when m = 0. Assume it is true when
m = 0, 1, ..., k − 1 for some k ∈ N. Let Gi = tiHi where Hi is defined in the
exactly same way as in the proof of Proposition 4.2. By Lemma 3.6 and the
induction hypothesis,(
∂
∂t
−∆
)
Gk−1 ≤ −1
2
Gkt
−1 + C1t
−1(
∂
∂t
−∆
)
Gk ≤ −1
2
Gk+1t
−1 + C1 + C1Gkt
−1.
(4.21)
Consider the new function G = Gk(A + Gk−1). Argue as in the proof of
Proposition 8.2(
∂
∂t
−∆
)
G ≤ G2kt−1
(
−1
2
+
Cn
A
)
+ C3Gkt
−1 + C3
≤ −1
4
G2kt
−1 + C3Gkt
−1 + C3
≤ −c4G2t−1 + C5Gt−1 + C5
(4.22)
on Bg0(p, r + δ/k) provided that A is sufficiently large.
Let φ(s) be a cutoff function on [0,+∞) such that φ ≡ 1 on [0, r + δ
k+1
],
vanishes outside [0, r + δ/k] and satisfies
|φ′|2 ≤ C6φ, φ′′ ≥ −C6φ.
Define Φ(x) = φ(dg0(x, p)) to be a cutoff function on M where dg0(x, p) is the
distance from the fixed point p using the Hermitian metric g0. By (4.19), flow
equation (3.1) and Lemma 4.1, if the function F = ΦG attains its maximum
at (x0, t0) where t0 > 0, then at this point
0 ≤
(
∂
∂t
−∆
)
F
≤ Φ
(
∂
∂t
−∆
)
G+G
(
∂
∂t
−∆
)
Φ + 2G
|∇Φ|2
Φ
= −c4F 2Φ−1t−1 + C7FΦ−1t−1 + C7.
(4.23)
Hence, F is bounded from above by some constant C7 at this point and hence
on M × [0, τ ]. If t0 = 0, then the conclusion trivially holds. Hence, the
statement is true for m = k. By induction, this completes the proof. 
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5. Short-time existence under bounded geometry
In this section, we consider the short time existence to (3.1) on complete
noncompact Hermitian manifolds with bounded geometry of infinity order.
Let us first recall the definition of bounded geometry:
Definition 5.1. Let (Mn, g) be a complete Hermitian manifold. Let k ≥ 1
be an integer and 0 < α < 1. g is said to have bounded geometry of order
k + α if there are positive numbers r, κ1, κ2 such that at every p ∈ M there is
a neighborhood Up of p, and local biholomorphism ξp from D(r) onto Up with
ξp(0) = p satisfying the following properties:
(i) the pull back metric ξ∗p(g) satisfies:
κ1ge ≤ ξ∗p(g) ≤ κ2ge
where ge is the standard metric on C
n;
(ii) the components gi¯ of ξ
∗
p(g) in the natural coordinate of D(r) ⊂ Cn are
uniformly bounded in the standard Ck+α norm in D(r) independent of
p.
(M, g) is said to have bounded geometry of infinity order if instead of (ii) we
have for any k, the k-th derivatives of gi¯ in D(r) are bounded by a constant
independent of p. g is said to have bounded geometry of infinite order on a
compact set Ω if (i) and (ii) are true for all k for all p ∈ Ω.
From Lemma 3.1, we see that the Hermitian Ricci flow equation is strongly
parabolic if g(t) is uniformly equivalent to some fixed metric, say for example
g0. Moreover, we can freely replace the Chern connection in Lemma 3.1 by
the Levi-Civita connection since g0 is assumed to have bounded geoemtry of
infinity order. The short-time existence result will then follow by a standard
inverse function theorem argument. For more details, we refer readers to [24,
section 3-4], [13, Chapter VII, Theorem 7.1], [22, Section 4] and [2, Theorem
3.7.1].
Theorem 5.1. Let (M, g0) be a complete noncompact Hermitian manifold with
bounded geometry of infinity order. Then there is τ(n, g0) > 0 such that (3.1)
has a solution on M × [0, τ ]. Moreover, on M × [0, τ ], we have
(1 + ǫn)
−1g0 ≤ g(t) ≤ (1 + ǫn)g0
where ǫn is the constant in Proposition 4.1.
Proof. Since g0 has bounded geomtry of infinity order, we are free to in-
terchange the Levi-Civita connection of g0 and the Chern connection of g0.
Therefore by Lemma 3.1, the equation of the Hermitian Ricci flow has the
form
(∂t − gAB∇˜LA∇˜LB)g(t) = Q(g, ∇˜Lg)
where ∇˜L denotes the Levi-civita connection of g0. Hence, it has exactly same
form as the Deturck Ricci flow. Since we assume g0 to have bounded geometry
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of infinity order, the proof of [2, Theorem 3.7.1] can be carried over (the first
case in the proof). It is clear from the argument in [2, Theorem 3.7.1] that
g(t) can be as close to g0 as we wish by shrinking the existence time. 
6. General Short-time existence on M
In this section, we will show that one can construct a solution to (3.1) with
uniformly bounded |Rm|+|T |2 if g0 has bounded |Rm(g0)|+|Tg0|2+|RmL(g0)|.
In the celebrated work by Shi [24], Shi showed that in fact the constructed
solution of the DeTurck Ricci flow will have bounded curvature by establishing
an integral estimate. And therefore, the curvature of the corresponding Ricci
flow is uniformly bounded for a short time. For the Hermitian Ricci flow, the
integral estimate is a bit tedious due to the presence of torsion. To bypass
the complicated integration argument, we take an alternative path using the
idea in [15]. By the work of [24, 29], there is an exhaustion function ρ with
|∂ρ|2 + |√−1∂∂¯ρ| ≤ C if g0 has bounded Riemannian curvature because the
Levi-Civita connection and the Chern connection only differ by the torsion
(see for example [34]). In this section, we will assume (M, g0) to be a complete
noncompact Hermitian manifold satisfying the followings.
(A) supM |Rm(g0)|+ |Tg0|2 ≤ K0;
(B) There is an exhaustion function ρ ≥ 1 such that
sup
M
|∂ρ|2 + |√−1∂∂¯ρ| ≤ K0.
We will proceed as in [15]. Let κ ∈ (0, 1), f : [0, 1)→ [0,∞) be the function:
(6.1) f(s) =

0, s ∈ [0, 1− κ];
−log
[
1−
(
s− 1 + κ
κ
)2]
, s ∈ (1− κ, 1).
Let ϕ ≥ 0 be a smooth function on R such that ϕ(s) = 0 if s ≤ 1 − κ + κ2,
ϕ(s) = 1 for s ≥ 1− κ+ 2κ2
(6.2) ϕ(s) =
{
0, s ∈ [0, 1− κ+ κ2];
1, s ∈ (1− κ+ 2κ2, 1).
such that
2
κ2
≥ ϕ′ ≥ 0. Define
F(s) :=
∫ s
0
ϕ(τ)f ′(τ)dτ.
Here we collect some useful lemmas from [15].
Lemma 6.1. Suppose 0 < κ < 1
8
. Then the function F ≥ 0 defined above is
smooth and satisfies the following:
(i) F(s) = 0 for 0 ≤ s ≤ 1− κ + κ2.
(ii) F′ ≥ 0 and for any k ≥ 1, exp(−kF)F(k) is uniformly bounded.
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(iii) For any 1− 2κ < s < 1, there is τ > 0 with 0 < s− τ < s+ τ < 1 such
that
1 ≤ exp(F(s+ τ)− F(s− τ)) ≤ (1 + c2κ); τ exp(F(s0 − τ)) ≥ c3κ2
for some absolute constants c2 > 0, c3 > 0.
For any ρ0 > 0, let Uρ0 be the component of {x| ρ(x) < ρ0} containing a
fixed point p ∈ M . Hence Uρ0 will exhaust M as ρ0 → ∞. For ρ0 >> 1, let
F (x) = F(ρ(x)/ρ0). Let hρ0 = e
2F g0. Then (Uρ0 , hρ0) is a complete Hermitian
metric, see [9], and hρ0 = g0 if on {ρ(x) < (1− κ+ κ2)ρ0}.
Lemma 6.2. (Uρ0 , hρ0) has bounded geometry of infinite order.
Proof. This is Lemma 4.3 in [15]. 
Moreover, under the assumption (A) and (B), we have
Lemma 6.3. For ρ0 sufficiently large, we have
sup
Uρ0
|Rm(hρ0)|+ |T (hρ0)|2 ≤ 2K0.
Proof. This follows directly from [15, Appendix B] and Lemma 6.1. 
Now we are ready to get the short-time existence for the Hermitian Ricci
flow under assumption described above which covers Theorem 1.1.
Theorem 6.1. Suppose (Mn, g0) is a complete noncompact Hermitian man-
ifold with complex dimension n so that (A) and (B) hold for some K0 > 0.
then there is a short-time solution to (3.1) with initial metric g(0) = g0 on
M × [0, cnK−10 ] which satisfies
sup
M×[0,cnK−10 ]
(|Rm(g)|+ |Tg|2) ≤ 4K0.(6.3)
Moreover, for all m ∈ N, there is C(n,m,K0) > 0 so that on M × (0, cnK−10 ]
|∇mTg|2 + |∇mRm(g)|2 ≤ C(n,m,K0)
tm
.
Proof. Let (Uρi , g0,i) be the sequence of Hermitian metric constructed using
above method. By Lemma 6.2 and Theorem 5.1, there is a short-time solution
gi(t) to (3.1) on each Uρi with initial metric g0,i = hρi . Let τi be the maximal
time such that
(1 + ǫn)
−1g0,i ≤ gi(t) ≤ (1 + ǫn)g0,i on Uρi × [0, τi]
where ǫn is the constant from Proposition 4.1. By Proposition 4.1, gi(t) satisfies
sup
Uρi×[0,τi]
max
{|Rm(gi)|, |Tgi|2} < +∞(6.4)
By Lemma 3.6 and (6.4), the function F = |T |4 + |Rm|2 is bounded and
satisfies (
∂
∂t
−∆
)
F ≤ cnF 32 .
16 Man-Chun Lee
Therefore, we may apply maximum principle (see for example [12, Lemma
3.4]) to conclude that on [0, τi] ∩ [0, cnK−10 ],
sup
Uρi
{|Rm(gi)|+ |Tgi|2} < 4K0.(6.5)
Claim 6.1. There is cn > 0 such that τi ≥ cnK−10 for all i ∈ N.
Proof of Claim. Suppose τi < cnK
−1
0 . Since
(1 + ǫn)
−1g0,i ≤ gi(t) ≤ (1 + ǫn)g0,i
on Uρi × [0, τi). By the above discussion, if cn is sufficiently small, then (6.5)
holds on [0, τi].
By Proposition 4.1 and Proposition 4.2, for anym ∈ N, there is C(n,m, Uρi) >
0 such that on Uρi × [0, τi),
|∇mRm (gi(t)) | ≤ C(n,m, Uρi).
Denote ∇˜ = ∇g0,i . When m = 1, since ∂t(∇˜g) = (∇˜ − ∇)S +∇S
∂t|∇˜g|2 ≤ C1 + C1|∇˜g|2.(6.6)
Hence, |∇g0,igi(t)| ≤ C(n, Uρi) on [0, τi). Inductively, we can show that for any
m ∈ N, there is C(n,m, Uρi) such that on Uρi × [0, τi),
|∇mg0,igi(t)| ≤ C(n,m, Uρi).
Therefore, we may take subsequent limit on gi(t), t → τi to obtain gi(τi)
which has bounded geometry of infinity order. By Theorem 5.1, gi(t) exists on
[0, τi + ǫ) for some ǫ > 0. Moreover, if cn is small enough, then (6.5) implies
that
(1 + ǫn)
−1g0,i ≤ gi(t) ≤ (1 + ǫn)g0,i
holds on [0, τi + ǫ) which contradicts with the maximality. 
By (6.5), Proposition 4.2 and flow equation (3.1), we can use similar argu-
ment as above to show that on any compact set Ω and any m ∈ N, there is
C(m,n,K0,Ω) > 0 such that for any i >> 1, we have on
sup
Ω×[0,cnK−10 ]
|∇mg0gi(t)| ≤ C(m,n,K0,Ω).
Hence, we may take a subsequence ik → ∞ to obtain a limiting solution
g(t) on M × [0, cnK−10 ] with g(0) = g0 and
sup
M×[0,cnK−10 ]
{|Rm(g)|+ |Tg|2} ≤ 4K0.
The higher order derivatives follows from Proposition 4.3. 
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7. Hermitian Ricci flow on nonpositively curved manifolds
In this section, we will apply the Hermitian flow to study complete noncom-
pact Hermitian manifolds with non-positive bisectional curvature. In particu-
lar, we will generalize the preservation of non-positive Chern-Ricci curvature
in [14] to complete noncompact case. We will first prove the following.
Theorem 7.1. Suppose (M, g(t)) is a complete noncompact solution to (3.1)
on M × [0, τ ] with
sup
M×[0,τ ]
(|Rm|+ |T |2) ≤ K(7.1)
for some K > 1. If g(0) = g0 has non-positive bisectional curvature, then
there is c1(n), c2(n) > 0 such that for all (x, t) ∈M × [0, τ ] ∩ [0, c1K−1],
(1) Rict ≤ 0;
(2) |Ruv¯xx¯|2 ≤ (20 + c2
√
Kt)|gxx¯|2|Ruu¯||Rvv¯| for all x, u, v ∈ T 1,0M .
In fact, the curvature preservation conditions were first considered in [3]
where they considered Riemannian manifolds with nonnegative sectional cur-
vature. We would like to point out that to establish weak maximum principle
on curvature conditions along noncompact flow with bounded curvature, usu-
ally one will consider Rǫ
ij¯kl¯
= Rij¯kl¯ − ǫρBij¯kl¯ where ρ is a distance function
from some fixed point (see for example [7, Chapter 12]) so that one can lo-
calize the argument on compact set. By showing that Rǫ is ”ǫ-close” to the
desired curvature conditions, one can show that R satisfies the goal by letting
ǫ → 0. However, since the second curvature condition in Theorem 7.1 does
not explicitly satisfy the null vector condition (see for example [7, Theorem
12.33], this approach fails due to the presence of a quadratic term. We here
take an alternative approach relying on parabolic rescaling argument. We first
prove the following weaker version.
Proposition 7.1. Under the assumption in Theorem 7.1, there is c1(n), c2(n) >
0 such that for all (x, t) ∈ M × [0, τ ] ∩ [0, c1K−1], the curvature type tensor
Rˆij¯kl¯ = Rij¯kl¯ − Bij¯kl¯ satisfies
(1) Ric(Rˆ) ≤ −e−c2Ktg;
(2) |Rˆuv¯xx¯|2 ≤ (20 + c2
√
Kt)|gxx¯|2|Rˆuu¯||Rˆvv¯| for all x, u, v ∈ T 1,0M .
We first prove Theorem 7.1 by assuming the Proposition 7.1.
Proof of Theorem 7.1. For any L >> 1, define g˜(t) = L−1g(Lt) on M ×
[0, τL−1]. Then g˜(0) has non-positive bisectional curvature and g˜(t) satisfies
sup
M×[0,τ/L]
(
|R˜m|+ |T˜ |2
)
≤ KL.(7.2)
Apply Proposition 7.1 on g˜(t) and then rescale it back to g(t), we have for
t ∈ [0, τ ] ∩ [0, c1K−1], g(t) = Lg˜(t/L) satisfies
(1) Ric(g(t)) ≤ L−1(n + 1− e−c2Kt)g(t);
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(2) for all x, u, v ∈ T 1,0M ,
|Ruv¯xx¯ − L−1Buv¯xx¯|2 ≤ (20 + c2
√
Kt)|gxx¯|2|Ruu¯ − L−1(n+ 1)guu¯|
× |Rvv¯ − L−1(n+ 1)gvv¯|.
Since this is true for all L >> 1, the conclusion follows by letting L→∞. 
Proof of Proposition 7.1. By (7.1), we may assume
1
2
g0 ≤ g(t) ≤ 2g0(7.3)
on M × [0, τ ] ∩ [0, cnK−1]. Let z0 ∈ M and dg0(x, z0) be the distance from z0
using the metric g0. Let φ be a cutoff function on [0,+∞) such that φ ≡ 1 on
[0, 1], vanishes outside [0, 2] and satisfies
|φ′|2 ≤ 100φ, φ′′ ≥ −100φ.
For any r0 >> K
10, let Φ(x, t) = φ
(
d0(x,z0)
r0
)
and define a curvature type
tensor
Wij¯kl¯ = ΦRij¯kl¯ −Bij¯kl¯.
We will use Wij¯ to denote Wij¯kl¯g
kl¯ as well.
Claim 7.1. There is c1(n), c2(n) > 0 such that for all r0 >> 1, t ∈ [0, τ ] ∩
[0, c1K
−1],
(a) Wij¯ < −e−c2Ktgij¯;
(b) |Wuv¯xx¯|2 < (20 + c2
√
Kt)|gxx¯|2|Wuu¯||Wvv¯| for all x, u, v ∈ T 1,0M .
Proof of Claim. We take c1 =
1
2c2
. We will specify the choice of c2 in the proof
below. The proof is similar to [14, Lemma 4.1] except that we have to take
care of the cutoff function. Clearly, the claim is true at t = 0, see [14, Lemma
4.2] for detailed computation. Due to the cutoff function Φ, if the claim is
false, there is t0 ∈ (0, τ ] ∩ (0, c1K−1] such that both (a) and (b) are true on
[0, t0) and one of them fails at t = t0. In particular, we have for all z ∈ M ,
t ∈ [0, t0], y, u, v ∈ T 1,0z M with |y| = 1,
Wy,y¯ ≤ −e−c2Kt;
|Wuv¯yy¯|2 < (20 + c2
√
Kt)Wuu¯Wvv¯.
(7.4)
As in [17, Page 1599], we may use polarization and (7.1) to infer that for
any ek, el ∈ T 1,0 with unit 1 and ei, ej ∈ T 1,0,
|Wij¯kl¯|2 ≤ CnWi¯iWjj¯, |Wij¯kl¯|2 ≤ CnK|Wi¯i|.(7.5)
Case 1: Condition (a) is true on [0, t0) and fails at t = t0. Then there is
p ∈M , X0 ∈ T 1,0p M with |X0| = 1 such that
WX0,X¯0 = −e−c2Kt.
Consider the following tensor
Aij¯ = ΦRij¯ +
[
e−c2Kt − (n+ 1)] gij¯ =Wij¯ + e−c2Ktgij¯
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which satisfies A(X0, X¯0) = 0 and A(Y, Y¯ ) ≤ 0 for all Y ∈ T 1,0x M , x ∈M . We
may assume |X0|g(t0) = 1 by rescaling.
Extend X0 locally to a T
1,0 vector field around (p, t0) such that at (p, t0),
∇q¯Xp = 0; ∇pXq = T qpl X l.(7.6)
Locally, X = X i ∂
∂zi
. We will denote X¯ = X i ∂
∂z¯i
= X i¯ ∂
∂z¯i
. Then A(X, X¯)
defined a function locally and satisfies
✷
∣∣∣
(p,t0)
A(X, X¯) ≥ 0.(7.7)
where we denote
(
∂
∂t
−∆) by ✷ for notational convenience. Now we compute
the evolution equation for A(X, X¯). At (p, t0),
∂
∂t
A(X, X¯) =
(
∂tAij¯
)
X iX j¯ + Aij¯
(
∂tX
iX j¯ +X i∂tX
j¯
)
=
[
Φ · ∂tRij¯ − [e−c2Kt − (n + 1)]Sij¯ − c2Ke−c2Ktgij¯
]
X iX j¯
≤ Φ · ∂tRij¯ ·X iX j¯ −
1
2
c2K.
(7.8)
provided that c2 >> 1 is sufficiently large. Here we have used (7.1) and the
fact that for any Y ∈ T 1,0p M ,
AX0Y¯ = 0(7.9)
Now we compute the ∆A(X, X¯). We may in addition assume that at (p, t0),
gij¯ = δij¯ . Using ∇g = 0, (7.6) and (7.9), we have
∆A(X, X¯)
=
1
2
grs¯(∇r∇s¯ +∇s¯∇r)
(
Aij¯X
iX j¯
)
= ∆(ΦRij¯) ·X iX j¯ + Aij¯;r¯T irpXpX j¯ + Aij¯;rT j¯r¯q¯X iX q¯ + Aij¯T irpT j¯r¯q¯XpX q¯
= ∆Φ · Rij¯X iX j¯ + Φ ·∆Rij¯X iX j¯ + 2Re
(
∇rΦ · ∇r¯Rij¯ ·X iX j¯
)
+∇r¯
(
ΦRij¯
)
T irpX
pX j¯ +∇r
(
ΦRij¯
)
T j¯r¯q¯X
iX q¯ + Aij¯T
i
rpT
j¯
r¯q¯X
pX q¯
= ∆Φ · Rij¯X iX j¯ + Φ ·∆Rij¯X iX j¯ + 2Re (∇rΦ · ∇r¯(RXX¯))
+ ΦRij¯;r¯T
i
rpX
pX j¯ + ΦRij¯;rT
j¯
r¯q¯X
iX q¯ + Aij¯T
i
rpT
j¯
r¯q¯X
pX q¯.
(7.10)
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By combining (7.8) and (7.10), we have
✷A(X, X¯) ≤ −1
2
c2K + Φ✷Rij¯ ·X iX j¯ − 2Re (∇rΦ · ∇r¯(RXX¯))
− ΦRij¯;r¯T irpXpX j¯ − ΦRij¯;rT j¯r¯q¯X iX q¯
−∆Φ · Rij¯X iX j¯ − Aij¯T irpT j¯r¯q¯XpX q¯
= −1
2
c2K −∆Φ · RXX¯ + (n+ 1− e−c2Kt)|T irX |2
− 2Re (∇rΦ · ∇r¯(RXX¯)) + ΦRXX¯p qRq p
− (n + 1− e−c2Kt)SXX¯
(7.11)
where we have used (7.9) in the last step.
Since at (p, t0), we have ∇rAXX¯ = 0. Hence,
∇r¯Φ · RXX¯ + Φ∇r¯RXX¯ =
(
(n + 1)− e−c2Kt) gXj¯T j¯r¯X¯ .
On the other hand, as ΦRXX¯ = (n + 1 − e−c2Kt) at (p, t0) and t0 ∈ [0, τ ] ∩
[0, c1K
−1],
Φ ≥ 1
(n + 1)K
[
n+ 1− e−c2Kt] ≥ n
(n+ 1)K
.
Hence, by using the properties of φ and combining with (7.1), (7.3) and
r0 >> K
2, we have
−2Re (∇rΦ · ∇r¯(RXX¯)) =
|∇rΦ|2
Φ
RXX¯ −
n + 1− e−c2Kt
Φ
gXj¯T
j¯
r¯X¯
∇rΦ
≤ c
′
n√
r0
.
(7.12)
Similarly,
−∆Φ · RXX¯ ≤
cn√
r0
.(7.13)
We now combine (7.11), (7.12), (7.13) and (7.1) to show that if c2 is suffi-
ciently large depending only on n, then
✷A(X, X¯) ≤ −1
3
c2K +WXX¯pq¯Rqp¯
≤ −1
3
c2K + CnK|WXX¯ |
< 0
(7.14)
where we have used (7.5). But this contradicts with (7.7).
Case 2: Condition (b) is fail at t = t0. Then there is p ∈ M , x0, u0, v0 ∈
T 1,0p M with |x0|t0 = 1 such that
|Wu0v¯0x0x¯0|2 = (20 + c2
√
Kt)Wu0u¯0Wv0v¯0 .
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By rescaling, we may assume |u0|t0 = |v0|t0 = 1. As in case 1, we extend
x0, u0, v0 to local vector field X,U, V around (p, t0). We extend x0 so that
along each geodesics γ emanating from p, ∇γ˙X = 0 at t = t0 and constant in
t. On the other hand, we extend u0, v0 to U and V such that at (p, t0),
∇s¯U r = 0, ∇pU r = T rpqU q, ✷U r =
1
2
SrpU
p;
∇s¯V r = 0, ∇pV r = T rpqV q; ✷V r =
1
2
SrpV
p;
∇s¯Xr = 0, ∇pXr = 0; ✷Xr = 0.
(7.15)
Hence the function
F (x, t) = g−2
XX¯
|WUV¯ XX¯ |2 − (20 + c2
√
Kt)WUU¯WV V¯
attains its local maximum at (p, t0) and therefore satisfies
✷F
∣∣∣
(p,t0)
≥ 0.(7.16)
We now differentiate each of them carefully. Using (7.15) and Lemma 3.5,
a similar calculation as in Case 1 yields
✷WUU¯ = ✷Wij¯ · U iU j¯ +Wij¯U i✷U j¯ +Wij¯✷U i · U j¯
− grs¯Wij¯U i;rU j¯;s¯ − grs¯Wij¯;rU iU j¯;s¯ − grs¯Wij¯;s¯U i;rU j¯
= ✷Φ · RUU¯ − 2Re
(
grs¯Φr∇s¯Rij¯ · U iU j¯
)
+ (n+ 1)SUU¯
− (n+ 1)ΦSUU¯ + (n + 1)gij¯grs¯T irUT j¯s¯U¯
− grs¯ΦrRUj¯T j¯s¯U¯ − grs¯Φs¯RiU¯T irU + ΦRUU¯k pRkp .
By Proposition 4.3, we have |∇Rm| ≤ C(n,K)t−1/2. Using the choice of φ,
Lemma 4.1, (7.1), and r0 >> K, we have
✷WUU¯ ≤ CnK +
Cn√
t
+ ΦRUU¯k
pRkp
≤ Cn√
t
− CnKWUU¯
(7.17)
where we have used (7.4) and (7.5) in the last inequality. Similarly,
✷WV V¯ ≤
Cn√
t
− CnKWV V¯ .(7.18)
By combining (7.17), (7.18) with (7.4), (7.5), (7.1) and using the fact that
c2 >> 1, we arrive at the following inequality.
✷
[
(20 + c2
√
Kt)WUU¯WV V¯
]
≥ −2(20 + c2
√
Kt)Re (grs¯∇rWUU¯ · ∇s¯WV V¯ ) +
c2
2
√
K
t
WUU¯WV V¯ .
(7.19)
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Now we derive the evolution equation of |WUV¯ XX¯ |2. Similar to the computa-
tion of ✷WUU¯ , using (7.15) and Lemma 3.7, we have
✷WUV¯ XX¯ = ✷(ΦR)ij¯kl¯ · U iV j¯XkX l¯ − ✷Bij¯kl¯ · U iV j¯XkX l¯
+Wij¯kl¯(✷U
i)V j¯XkX l¯ +Wij¯kl¯U
i(✷V j¯)XkX l¯
− grs¯(ΦRij¯kl¯);r U iV j¯;s¯XkX l¯ − grs¯(ΦRij¯kl¯);s¯ U i;rV j¯XkX l¯
−Wij¯kl¯U i;rV j¯;s¯XkX l¯
= Φgrs¯
[
RUV¯ r
pRps¯XX¯ +RrV¯ X
pRUs¯pX¯ − RrV¯ pX¯RUs¯X p
]
− 1
2
Φ
[
SpXRUV¯ pX¯ + S
q¯
X¯
RUV¯ Xq¯
]
+ (SUV¯ gXX¯ + gUV¯ SXX¯ + SUV¯ gXX¯ + gUV¯ SXX¯)
+ grs¯Bij¯XX¯T
i
rUT
j¯
s¯V¯
− 1
2
(
BiV¯ XX¯S
i
U +BUj¯XX¯S
j¯
V¯
)
−
(
grs¯Φr∇s¯Rij¯kl¯U iV j¯XkX l¯ + grs¯Φs¯∇rRij¯kl¯U iV j¯XkX l¯
)
−
(
grs¯ΦrT
j¯
s¯V¯
RUj¯XX¯ + g
rs¯Φs¯T
i
rURiV¯ XX¯
)
+✷Φ · RUV¯ XX¯ .
(7.20)
The equation of ✷WV U¯XX¯ is similar.
Noted that we have |∇Rm| ≤ C(n,K)t−1/2 by Proposition 4.3. Therefore
by combining (7.20), (7.1), (7.5) and (7.4) and using the property of φ and
r >> K, we have
✷|WUV¯ XX¯ |2 ≤ −|∇WUV¯ XX¯ |2 − |∇¯WUV¯ XX¯ |2 + Cn
√
K
t
WUU¯WV V¯
+ Φ
∣∣Rs¯ V¯ X pRUs¯pX¯ −Rs¯ V¯ pX¯RUs¯X p∣∣ |WV U¯XX¯ |
+ Φ
∣∣Rs¯ U¯X pRV s¯pX¯ −Rs¯ U¯pX¯RV s¯X p∣∣ |WUV¯ XX¯ |
The main trouble is the quadratic term appeared on the right hand side be-
cause of Φ there and U, V take places at different curvature term.
Φ
∣∣Rs¯ V¯ X pRUs¯pX¯ −Rs¯ V¯ pX¯RUs¯X p∣∣
≤ 1
Φ
∣∣W s¯ V¯ X pWUs¯pX¯ −W s¯ V¯ pX¯WUs¯X p∣∣+ CnK
≤
(
Cn
Φ
+ CnK
)√
WUU¯WV V¯
(7.21)
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where we have used (7.4) and (7.5) in the last inequality. On the other hand,
since at (p, t0),
10 ≤ (20 + c2
√
Kt)WUU¯WV V¯
= |ΦRUV¯ XX¯ − BUV¯ XX¯ |2
≤ 8 + 2Φ2K2.
(7.22)
Therefore, Φ ≥ K−1 at (p, t0). Combines with (7.23),
Φ
∣∣Rs¯ V¯ X pRUs¯pX¯ − Rs¯ V¯ pX¯RUs¯X p∣∣ ≤ CnK√WUU¯WV V¯ .(7.23)
And hence at (p, t0),(
∂
∂t
−∆
)
F ≤ 2(20 + c2
√
Kt)Re (grs¯∇rWUU¯ · ∇s¯WV V¯ )
− |∇WUV¯ XX¯ |2 − |∇¯WUV¯ XX¯ |2
− c2
4
√
K
t
WUU¯WV V¯ + 2SXX¯ |WUV¯ XX¯ |2
(7.24)
By using the fact that ∇F = 0 and F = 0 at (p, t0), one can conclude that
(7.25) 2(20+c2
√
Kt)Re (grs¯∇rWUU¯ · ∇s¯WV V¯ ) ≤ |∇WUV¯ XX¯ |2+|∇¯WUV¯ XX¯ |2.
Using (7.1) and (7.5) again, we deduce that
2SXX¯ |WUV¯ XX¯ |2 ≤ CnKWUU¯WV V¯
and hence at (p, t0), (
∂
∂t
−∆
)
F < −c2
8
√
K
t
WUU¯WV V¯(7.26)
which contradicts with (7.16) provided that c2(n) >> 1. This proves the
claim. 
The assertion follows by letting r0 →∞. 
An immediate consequence is the following splitting theorem in Ka¨hler case
based on the strong maximum principle along the noncompact Ka¨hler-Ricci
flow and the De Rham decomposition theorem.
Corollary 7.1. Let g(t) be a complete solution to the Ka¨hler-Ricci flow on a
noncompact simply connected complex manifold Mn with bounded curvature.
If the initial metric g0 has non-positive bisectional curvature. Then for suffi-
ciently small t > 0, either g(t) has negative Ricci curvature on M or (M, g(t))
splits holomorphically isometrically into a product Ck ×Nn−k.
Proof. Since we have established the preservation of curvature condition in
Theorem 7.1 in the noncompact case. By theorem 7.1, the tensor e−AtRicg(t)
satisfies the null vector condition for A sufficiently large and t sufficiently small.
Then we can apply the standard Strong maximum principle argument in [7,
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Theorem 12.50] to show that the kernel of Ricg(t) is parallel in space and time,
see also [17, Page 1602-1603] for the original argument in compact case. The
flatness of the kernel follows by the second conclusion in Theorem 7.1. 
As an application of Strong maximum principle, we have the following.
Theorem 7.2. Suppose (M, g(t)), t ∈ [0, τ ] is a complete solution to (3.1)
satisfying the assumption in Theorem 7.1. If the initial metric g0 has quasi-
negative Chern-Ricci curvature, then Ric(g(t)) < 0 on M × (0, τ ′] for some
τ ′ > 0. In particular, M supports a Ka¨hler metric which is possibly incomplete.
Proof. The argument is exactly the same as the argument in the compact
case [14] except that we construct the barrier by solving Dirichlet problem on
some compact set instead of the whole manifold M . We will closely follow
the argument in [7]. We here only point out the necessary modifications. Let
τ ′ = min{c1K−1, τ} be the number obtained from Theorem 7.1.
Let y ∈M be a point at which the Chern-Ricci curvature of g0 is negative.
For any x ∈ M , let Ω be a connected open set with smooth boundary and
containing both x and y. Let φ0 be a smooth nonnegative function such that
φ0(y) > 0, φ0 = 0 near ∂Ω and
Ric(g0) + φ0g0 ≤ 0
on Ω. Let φ(z, t) be the solution to the heat equation(
∂
∂t
−∆g(t)
)
φ(x, t) = 0, on Ω× [0, τ ′];
φ(x, 0) = φ0, and φ(x, t)|∂Ω = 0.
(7.27)
It then follows by strong maximum principle that φ(x, t) > 0 on Ω×(0, τ ′]. We
may assume that φ(x, t) ≤ 1 by rescaling. As in [14], we consider the tensor
Aǫ = Ricg(t) + e
−ktφ2g(t)− ǫeBtg(t)
where B, k is some large constant. Then if Aǫ fail to be negative on Ω× [0, τ ′],
it can only happen at (x0, t0) where x0 ∈ int(Ω) and t0 > 0. Without loss
of generality, we may assume t0 to be the first time such that A
ǫ fails to be
negative. And we may apply second derivatives test at t = t0.
Now the argument in [14] can be carried over since the argument is purely
local. Hence we can show that for any ǫ > 0, Aǫ < 0 on Ω × [0, τ ′]. By
letting ǫ → 0, it shows that Ric(x, t) < 0 for t ∈ (0, τ ′]. Since x is arbitrary,
this completes the proof. By taking h = −Ric(g(t1)), we see that (M,h) is a
Ka¨hler manifold since the Chern-Ricci form is d-closed by definition. 
8. Existence of Ka¨hler-Einstein metric
In this section, we will show that under the assumption in Theorem 7.1, if in
addition g0 has uniformly negative Chern-Ricci curvature outside a compact
set, then M supports a complete Ka¨hler-Einstein metric with negative scalar
curvature.
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We first show that the uniform negativity at infinity will be preserved along
the flow with bounded Chern curvature and torsion.
Proposition 8.1. Suppose (M, g(t)), t ∈ [0, τ ] is a complete solution to (3.1)
with
sup
M×[0,τ ]
|Rm|+ |T |2 ≤ K0
for some K0 > 0. If there is p ∈ M , r > 0 such that outside Bg0(p, r), the
Chern-Ricci curvature Ric(g0) < −δ for some δ > 0, then there is τ˜(n,K0, δ) >
0 so that on [0, τ ] ∩ [0, τ˜ ], Ric(g(t)) < −δ/2 outside Bg0(p, r + 1).
Proof. The proof is standard. For the sake of completeness, we give the proof
here. By rescaling, we may assume δ = 1. Let z ∈ M such that Bg0(z, 1) is
disjoint from Bg0(p, r). Let φ be a cutoff function on [0,+∞) such that φ ≡ 1
on [0, 1/2], vanishes outside [0, 1] and satisfies
|φ′|2 ≤ 100φ, φ′′ ≥ −100φ.
Let Φ = φ(dg0(x, z)) be a cutoff function on M . For ǫ > 0, consider the (1, 1)
type tensor Aǫij¯ = Φ(Rij¯ + gij¯) − (ǫ + 2L
√
t)gij¯ with L >> 1. Our goal is to
show that for any ǫ > 0, Aǫ < 0 for t sufficiently small independent of ǫ. We
will omit the index ǫ for notational convenient. Clearly by continuity, it holds
for t < τ(ǫ, g(t)) sufficiently small. Let t0 > 0 be the first such that A fails to
be negative. Then at t = t0, there is x ∈ Bg0(z, 1), X0 ∈ T 1,0x M such that
AX0X¯0 = 0.
We may assume |X0| = 1 by rescaling. Extends X0 to local vector field X ∈
T 1,0M such that ∇X = 0 at (p, t0). Using the fact that AX0Y = 0 for all
Y ∈ T 1,0M and the extension,
0 ≤
(
∂
∂t
−∆
)
AXX¯
= ✷Aij¯ ·X iX j¯
= ✷
(
ΦRij¯ + Φgij¯ − ǫgij¯ − 2L
√
tgij¯
)
·X iX j¯.
(8.1)
Using the estimate on the cutoff function, Lemma 4.1, curvature assumptions,
Proposition 4.3 and Lemma 3.5, we have(
∂
∂t
−∆
)
AXX¯ ≤ c(n,K0)t−1/2 − Lt−1/2.
Hence if L >> 1 is large enough, we have got contradiction. By letting
ǫ → 0, we have shown that there is L(n,K0) > 0 such that for any t ∈ [0, τ ],
x outside Bg0(p, r + 1),
Rij¯ ≤ (−1 + L
√
t)gij¯.
The assertion follows by choosing τ˜ small enough. 
Now we are ready to prove the existence of Ka¨hler-Einstein metric.
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Theorem 8.1. Suppose (M, g0) is a complete noncompact Hermitian manifold
with
sup
M
{|Rm(g0)|+ |Tg0|2 + |RmL(g0)|} < +∞
and non-positive bisectional curvature. If in addition there is a compact set Ω,
δ > 0 such that outside Ω, Ric(g0) < −δg0. Then there is a Ka¨hler-Einstein
metric gKE = −Ric(gKE) on M . Furthermore, the curvature tensor Rm of
gKE and all its covariant derivatives are bounded.
Proof. By Theorem 6.1, there is a short-time solution g(t) starting from g(0) =
g0 on M × [0, τ ] with bounded Chern curvature and torsion. By Theorem 7.2
and Proposition 8.1, there is another Hermitian metric g(τ) with
−Cg(τ) ≤ Ric(g(τ)) < −σg(τ)
for some σ, C > 0. Let h = −Ric(g(τ)). As the Chern-Ricci curvature is d-
closed, h is a complete Ka¨hler metric uniformly equivalent to g(τ). Moreover,
the higher order estimate in Theorem 6.1 implies that for all m ∈ N, there is
C(n,m,K0) > 0 such that
|∇mg(τ)h| ≤ C(n,m,K0).(8.2)
Rewrite
−Ric(h) = −Ric(g(τ)) +√−1∂∂¯ log deth
detg(τ)
= h+
√−1∂∂¯F.
By (8.2), all the covarient derivatives of F with respect to h are bounded.
By [19, Theorem 5.1], there is a complete Ka¨hler-Einstein metric gKE =
−Ric(gKE) on M , see also [5, 11]. Furthermore, by Shi’s estimate [24] or
Proposition 4.3, the curvature tensor of gKE and all its covariant derivatives
are bounded. 
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